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ABSTRACT: An edge-magic labeling of a (p,q)-graph G is a bijection function f:V(G)UE(G) - {1,2,........,
p+q} such that f(u) + f(v) + fuv) = Cyis a constant for every edge uv of G. If such an edge-magic labeling
exists, G is said to be edge-magic and Cyis called the valence of f. Further, if f(V(G)) ={1,2,......... .} then f is
a super edge-magic labeling of G and G is said to be supermagic and if f(E(G)) = {1,2,......... ,q} then fis a

supermagic labeling of G and G is said to be supermagic.

This chapter is devoted to the study of the supermagic properties of certain classes of forests such as K,
K., , K0 K, P, UK, , 2P, , K, , J2nP,. We are also interested in it since most of the forests referred to in
this chapter, have each two components and thus show that bipartite graphs within even number of

components may be supermagic.
L. INTRODUCTION

The subject of edge-magic labeling of graphs had its
origins three decades ago in the work of Kotzig and
Rosa [4,5] on what they called magic valuations of
graphs, which are also commonly known as edge-magic
total labeling[7]. Interest in these labeling has lately
been rekindled by a paper on the subject due to Ringel
and Llado[6]. Shortly after this, Enomoto, Llado,
Nakamigawa and Ringel[3] defined a more restrictive
form of edge-magic labelings namely super edge-magic
labeling which Wallis[7] refers to as strong edge-magic
total labeling. Analogously Akka and Warad[1] defined
another restrictive form of edge-magic labeling, namely
supermagic labelings. For a (p,q)-graph G = (V,E) a
bijective function f:VUE - {1,2,........ p+q} is an edge-
magic labeling of G if f(u) + f(v) + f(uv) is a constant c;
(called valence of f) for any edge uveE. A graph that
admits such a labeling is an edge-magic graph. In [3]
Enomoto, Llado, Nakamigawa and Ringel defined an
edge-magic labeling f of a graph G to be super edge-

magic if it has the extra property that
f(V(G)) ={1,2,........ p} and said to be supermagic if
f(E(G))— {1,2, ........q}. Thus, a super edge-magic

(supermagic) is a graph that admits a super edge-magic
(supermagic) labeling. Lately, super edge-magic
labeling and super edge-magic graphs have been called
by Wallis [7] as strongly edge-magic total labeling and
strongly super edge-magic total graphs respectively. In
the similar way, as we did in the case of supermagic
labeling and supermagic graphs. This chapter is mainly

devoted to the study of the supermagic properties of
certain classes of forests. We are also interested in it
since most of the forests referred to in this chapter have
each two components and thus show that bipartite
graphs with an even number of components may be
supermagic. The next characterization found in [2]
has proved to be very useful and therefore we state it as
Lemma 1.1.

Lemmal.l: A (p,q)-graph G is supermagic if and only
if there exists a bijective function f:V(G) = {q+1, q+2,
....... p+q} such that the set S = {f(u) + f(v) : uv €
E(G)}which consists of q consecutive integers.

In such a case, f extends to a supermagic labeling of G
with valence 4 = ¢ + s where s = min(S) and S =
{1 — (D}, Moreover, Y,ey(e) f(v)degv =qs+
(g) Therefore, it is clear that due to Lemma 1.1, it
suffices to exhibit the vertex labeling in order to
identify a supermagic graph.

Lemmal.2: [6] If G is a (p,q)-graph, where q is even,
p + q = 2(mod4) and every vertex of G has odd degree,
then G is not edge-magic.

II. MAIN RESULTS

This section is devoted to the study of the supermagic
properties of certain classes of forests K;, U Ki,, , K12
() Kl,m Pm UKl,n . 2Pn . Kl,m U27lP2

Theorem2.1: If m is a multiple of n+1, then the forest
K; WK, is super magic.
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Proof: Let V(F) = {x,y} U{u; /1 <i<m}u{yv;/1 <i<
n}

and E(F) = {xu; /1 <1 < m}u{yv; /1 <i < n}. Then
consider the vertex labeling f:V(F)—{m+n+1, m+n+2,
.......... 2(m+n+1)} such that fix) = 2m+2n+1-a, f(y) =
2m+2n+2, f(u;) = 2m+2n+4 — (o+2for i = 1,2, ...... ,m
and f(v;) = 2(m+n+1) — (o 1)(i+1) for i = 1,2, ..., n
where &= m/(n+1). Therefore by Lemmal.l, f extends
to a supermagic labeling of F' with valence 4m + 4n +
3-a
Theorem2.2: The forest F =K, ,0 K, , is supermagic if
and only if n is a multiple of 3. Furthermore, there are
essentially only two supermagic labelings of F.
Proof: Let the vertex and edge sets be V(F) = {u} U{v;
/1 <i<n}u{w, wy, s}
and E(F) = {uv,-/l <i< n}U{W1W2, W1W3}.
Define fV(F) = {n+3, n+4, .... 2n+6} be an arbitrary
supermagic labeling of F such that flu) = o and {f(w),
(Wo),(w3)} = {i,j,k} wherei<j<k.
Let S={f(x) + (y)/xy € E(F)} and
o4n+4, ....... , o+2n+6} where
IS|=n+2and|L| =n+4. Clearly S — { fiw) +
(W), f(w)) + w3)}= L — {0+, oai, o#j, oAk}, Thus,
{on+3, o#2n+6} < {2, o#+i, o4k}, since by
removing 2¢, oA, o4j and oAk from L. We obtain S =
{ fiw)+ (wp), fiw)+ (w3)} which is a set of consecutive
integers minus two elements. This implies that {2n +6,
n+3lc{a, i, j}.

Now we prove that i = 2n+6 and k = n+3. To

do this, it suffices to verify that ¢ {2n+6, n+3}. Let S
= fiwy) then since degw; = 2, degu = n and flu) = . It

follows by Lemmal.1 that
2n+6

L = {oan+3,

t+a(n—1)+ﬁ=(n+2)s+(n—;2)

t=n+3

2
where s = min(S). Hence emiﬂ+ an—1)+
ﬁ _ (n+2)2(n+1) _ (n + Z)S
n*+9n+17)+an—-1)+p
S S = .

n+2
Now suppose to the contrary that & = n+3. Then

s = % + 2n + 7, so n+2 divides S which gives that £
= n+2. This in turn leads us to conclude that s = 2n+8.
Furthermore, the vertex u which is labeled n+3 cannot
be adjacent to the vertices labeled n+4 or n+5; for
otherwise s = 2n+7 or 2n+8.

Thus, {n+4, n+5, 2n+6} = {i, j, k} which is impossible.
Next, assume to the contrary that &= 2n+6.

Then s = g + 3n + 7 and consequently n+2 divides

-3 which gives that - 3 = 0 since n+2 > 3 and n+3 <
B <2n+6. Thus, f= 3 and s = n+3. Then either fiw,) =
n+3 or flw;) = n+3. This gives that flw,) + fiw,) = n+6
or fiwy) + f(w;) = n+6 and n+6 < s = 2n+6 which is a
contradiction.

Finally, since the vertices w, and w; are
indistinguishable, we discuss the following three cases.
Case I: If f(w)) = 2n+6, f(wy) = n+3 and f(w3) = J,
then {3n+9, j+2n+6} = {o+j, 2a}. Thus, 3n+9 = a+j
and j + 2n + 6 = 2 gives that o = 53—n + 5. Hence n is

a multiple of 3. Therefore, by taking o = 53—n + 5, fiwy)
= 2n+6, fiw,)= n+3 and f(w3)= (4n/3) + 4.
We get the same supermagic labeling of F' as the proof
of Theorem 2.1.
Case II: If fiw)) = n+3, fim,) = 2n+6 and filws;) = j, then
{3n+4, j+n+3} ={o#j, 2a}. Thus, 3n+9 = a#jand j + n
+ 3 =2agive thata = 43—n + 4. Hence n is a multiple
of 3. Now it is easy to verify that if we take f(u) =
T4 4, fon) = n43, fiwn)= 2n+6 and f(w3) =2+ 5,
we get the same supermagic labeling of F' by assigning
the remaining labels to all other vertices of F.
Case IIIL: If filw,) = j, f(wn) = 2n+6 and, fw;) = n+3
then {2n+6+j, j+n+3} ={o4j, 2a}. Now since a <
2n+6, it follows that 2n+6+j # o#j. Thus 2n+6+j = 2«
and j+n+3 =o#j. Hence j = 0 > n+3 which is
impossible.
Theorem 2.3: For every two integers m >4 and n > 1,
the forest F = P, )UK, , is supermagic.
Proof: Let V(F) = {u/1 <i<m}u{ v/l <i<n}u{w}
and

E(F) = {I/ti Uiy /1<i< m-l}u{ V,‘W/l <i<
n}. We consider four cases for the vertex labeling f:
V(F) = {m+n, m+n-1,......... 2m+2n}.
Case I: For m = 0(mod4), let

9 U,
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3m+2n

5 ifj=1
3m+2n—4 o
_— ifj=3
2
m
2m+n—2i+2 ifj=4iand1<i<—
£ly) = !
j) =) 3m+2n—4i—4 e . _(m—4)
ifj=4i+1land1<i<
2 4
m-—4
2m+n—-2i—1 ifj=4i+2and0<i <
3m+2n—4i—2 L . - m-—4
> ifj=4i+3and1<i <
fw)=2m+2n—-i+1 if 1<i<n and
3m+2n-2
f(W)=f-
Case II: Form = 1 (inod 4), let
by,
- Uz
P15
13w 15 v;® 14
Uy Peokag
Fig. 2.
m-—1
2m+n—2i+2 ifj=4iand1<i <
3m+2n—4i—4 o ) . (m-1
> ifj=4i+1land 0 <i <
f(u]-)= m-—>5
2m+n—-2i—1 ifj=4i+2and 0<i <
3m+2n—4i—-5 o . . m-=5
> ifj=4i+3and 0 <i <

. . ] 3m+2n—-1
fw)=2m+2n—i+1if1<i<n, fw)=——m—-mo—

Case III: For m = 2(mod 4), let

m+n ifj=1
m+n+ 2 ifj=3
3m+2n+4i L . . . m-—2
— ifj=4iand1<i <
. . . . . m_z
f(u].): m+n+2i+2 ifj=4i+land1<i<
3m+2n+4i+6 | . . _m-—6
> ifj=4i+2and0<i <

m—=6

m+n+2i +1 ifj=4i+3and1<i <
m+n+1 ifj=m

225
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fw)=2m+2n—-i+1, if 1<i<n and
9y
7
158
3
11 %y
c-
14y
4
13 $ug
g
101 P.EUK]J
Case IV: For m = 3(mod 4), let
3m+2n+1 o
2 fi=1
3m+2n—3 o
_ ifj=3
2
m-—3
2m+n—2i +2 ifj=4iand1<i<
3m+2n—4i—3 L . . m-—3
5 ifj=4i+1land1<i<
. e . _m—7
2m+n-—-2i—1 ifj=4i+2and0<i <
3m+2n—-4i—-1 L. . - m-—3
5 ifj=4i+3and1<i <
3m+2n+3 o
_ ifj=m—1
2
3m+2n-1

fw)=2m+2n—i+1, if 1<i<n and
Therefore, by Lemma 1.1, f extends to a supermagic labeling of F' with valence

Cf_

7m + 6n + 2
2
4m + 3n — l%J otherwise
14
5
14
T
12
&
17
g
10
0
15

1

F

us

fw) =

if m= 2(mod4)

2

fw) =

3m+2n
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The next class of forest that we study is 2P, . Before that, we have proved that the forest K;,U K;, is a supermagic
if and only if n is a multiple of 3, (Theorem 2.2). Hence the forest 2P; is not supermagic. However, it is
complimentary edge-magic by labeling the vertices of one P5; with 10 — 2 — 9 and one of the other P; with 8§ — 7 -6,
and letting the valency be 16. Finally, notice that D G Akka and Nanda Warad [1] proved that the forest nP; is super
edge-magic if and only if n is odd.
Theorem 2.4: The forest F = 2P, (n>1) is supermagic if and only if n# 2 or 3.
Proof: Suppose that n >4 and define the forest F' = 2P, with
V(F) ={u/1 <i<n}u{w/1<i<n}and

E(F) = {I/l,‘ Uiy /1<i<n-1 }U{ v,«v,«_l/l <i< n-l}
We consider cases according to the possible values of the integer n.
Case I: For n =9, Define f:V(F) = {17,18,........, 34} be the vertex labeling such that (f(ul-))?_1 =
{25,18,28,21,31,22,29,19,26} and

(f(vl-))?=1 ={27,17,30, 20, 34, 24, 33,23, 32}

25 16 18 13 28 10 21 7 31 6 2 g 19 11 19 14 26
- —————————————————————————p—————————————p———————————%

uy U 3 [ 115 15 iy g iy
Clase T :
27 15 17 12 30 9 W 5 34 1 M 2 3B 3 23 4 32
- & » 2  »  a  » - »  »
Vi W4 Wy vy W W W Vi Vo
2Fy
Fig. 5.(a)
Case II: For n = 4k, where k is a positive integer, let f:V(F) —={8k-1, 8k,........, 16k-2} be the vertex labeling such
that
(15k ifj=1
[13k —i+2 ifj=2i—1and2<i<k
f(u].):{13k+i—1 ifj=2i—landk+1<i<2k
|9k —i+1 ifj=2iand1<i<k
Lok +i if j=2iandk +1<i<2k
18 26 17 28 21 2
Ii[l 4 . g . 9 H 7 ry 3 . 2 19 1 .
L] iy Uz 1y Usg Uy uz Ug
Case Il :
25 16 24 15 23 19 20
o1 112 & 1315 14 Bw J 6 27 5 X
¥1 W2 Lk Wy ] W Wy L
2Ps
Fig. 5(b)
12k —i+2 ifj=2i—1land 1<i<k+1
( )_ 12k+i—1 ifj=2i—landk+2<i<2k
W) =Ygk —i+1 ifj=2iand1<i<k
8k+i ifj=2iandk+1<i<?2k
Case III: For n = 12k — 7 where k is a positive integer, let f:V(F)—{24k-15, 24k-14,........ , 48k - 30} and
FEF)—>{1,2,........... , 24k - 16} be the vertex labeling and edge labeling such that
36k + 3i — 25 ifj=2i—1land 1<i<3k-1
( )_ 24k — 3i ifj=2i—1and 3k <i<6k—3
F) =Y 24k 430 — 17 ifj=2iand1<i<3k—2

42k —3i — 25 ifj=2iand3k—1<i<6k—4
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4 g 10 5 17 4 1 6 15
LL§] 1 13 14 s
? 7 16 2 13 1 1_8 7 12
Vi V2 V3 Va V3
Fig. 6. (2Ps).
24k +3i—18 ifj=2i—1land 1<i<3k-2
36k + 3i — 23 ifj=2iand 1<i<3k-2
33k +3i—123 ifj=6k+6i—9and1<i<k
_ )45k +3i-30 ifj=6k+6i—8and1<i<k
F()) =4 33k + 30 — 24 ifj=6k+6i—7and1<i<k
45k + 3i — 28 ifj=6k+6i—6and1<i<k-1
33k +3i—22 ifj=6k+6i—5and1<i<k-1
45k + 3i — 29 ifj=6k+6i—4and1<i<k-1
Case IV: For n = 12k — 6 where k is a positive integer, let f:V(F)—{24k-13, 24k-12,........, 48k - 26} and
FEF)—={1,2,........... , 24k - 14} be the vertex and edge labelings such that
36k +3i — 22 ifj=2i—1land 1<i<3k-1
_ )54k —3i—27 ifj=2i—1land 3k <i<6k-3
F(u) =9 24 + 30 — 14 ifj=2iand1<i<3k—2
42k — 3i — 22 ifj=2iand3k—-1<i<6k—-3
17 9 13 6 20 5 14 T 18 10 11
* & * & . 4 &
1 1 13 [{F} s 13
12 8 19 4 16 1 22 2 15 3 12
* e d & L & o
V] A V3 VY Vs V6
Fig. 7. (2P).
24k +3i—15 ifj=2i—1land 1<i<3k-2
36k + 3i — 20 ifj=2iand 1<i<3k-2
33k+3i—20 ifj=6k+6i—9and1<i<k
45k + 3i — 27 ifj=6k+6i—8and1<i<k-1
f(v;) =433k +3i—-21 ifj=6k+6i—7and1<i<k
45k + 3i — 25 ifj=6k+6i—6and1<i<k-1
33k+3i—19 ifj=6k+6i—5and1<i<k-1
46k + 3i — 26 ifj=6k+6i—4and1<i<k-1
48k —i — 25 ifj=12k+2i—10and1 <i <2
Case V: For n = 12k — 5 where k is a positive integer, let f:V(F) —»{24k-11, 24k-10,........ , 48k - 22} be the vertex
labeling such that
24k + 3i — 24 ifj=2i—1land 1<i<3k-1
)42k —3i-26 ifj=2i—1and 3k <i<6k—2
F) = ) 36k + 30— 28 ifj=2iand1<i<3k-1
42k — 3i —33 ifj=2iand3k <i<6k—-3
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36k + 3i — 29 ifj=2i—1and 1<i<3k-1
24k + 3i — 22 ifj=2iand 1<i<3k-2
33k + 3i — 27 ifj=6k+6i—8and1<i<k
45k + 3i — 33 ifj=6k+6i—7and1<i<k-1
f(v;) =433k +3i—28 ifj=6k+6i—6and1<i<k
45k + 3i — 31 ifj=6k+6i—5and1<i<k-1
33k +3i — 26 ifj=6k+6i—4and1<i<k-1
45k + 3i — 32 ifj=6k+6i—3and1<i<k-1
48k —i — 31 ifj=12k+2i—9and1<i<?2
132 12 21 9 1 & 24 5 17 7 22 10 14
u 1 3 Uy us g Uy
20 11 15§ 23 4 1% 1 26 %I 18 3 25
Vi Wz V3 Va Vs Vi Vi
Fig. 8. (2P7).
Case VI: For n = 12k — 2 where k is a positive integer, let f:V(F) —={24k-5, 24k-4,........, 48k - 10} be the vertex

labeling such that
36k +3i — 10 ifj=2i—1land 1<i<3k

() = 54k —3i— 8 ifj=2i—1and 3k+1<i<6k—1
F) =3 24k 431 = 7 ifj=2iand1<i<3k-1
42k —3i—8 if j=2iand3k <i<6k—1
28 18 W 15 32 12 23 9 35 7 45 B 34 011 22 14 31 17 19
—— %
m 15 13 1y 15 i Uy g 1y g
20 16 31 13 35 10 24 o6 37 4 26 35 i 3 28 1 /s 2
Ad! Wi V3 Vq Vs Ve Ve Vg Vg Vio
Fig. 9. (2P10)
38k +3i—9 ifj=2i—1and 1<i<3k-1
24k +3i—6 ifj=2iand 1<i<3k-1
45k +3i — 11 ifj=6k+6i—7and1<i<k
(v) = 33k +3i—8 ifj=6k+6i—6andl1<i<k
F) =\ a5k 430 - 12 ifj=6k+6i—5and1<i<k
33k +3i—8 ifj=6k+6i—4and1<i<k
45k +3i — 10 ifj=6k+6i—3and1<i<k
33k +3i—9 ifj=6k+6i—2and1<i<k
Case VII: For n = 12k — 1 where k is a positive integer, let f:V(F) —{24k-3, 24k-2,........, 48k - 6} be the vertex

labeling such that

32020 22 17 35 4 25 11 33 0§ ¥ 7 W 9 2/ 12 36 15 23 18 33
- ——————————————————&
1 11 1z LLF} 11g 1173 1y g g LT LLEF

2 19 3 16 24 19 37 10 27 6 41 4 29 5 40 3 31 1 42 2 30
————— B —————————————————————#
W ¥z V3 Va Vs Ve Vi Vg Vo Vio Vit

Fig. 10. (2P1 1).



Dayanand and Ahmed

36k +3i — 7
54k — 3i — 3
F) =924k + 30 — 5
42k —3i — 4
24k +3i — 6
36k +3i—5
45k — 4
33k +3i—7
f(v;) =445k +3i -8
33k +3i—5
45k +3i — 6
33k +3i—6
45k + 3i — 4

Case VIII: For n = 12k + 1 where k is a positive integer, let f: V(F) —{24k+1, 24k+2,

labeling such that

24k + 3i—2 if j=2i—1and 1<i<3k+1
_ )42k -3i+4 if j=2i—1and 3k+2<i<6k+1
F) =9 360 + 30— 1 if j=2iand1<i<3k
54k — 3i+ 3 if j=2iand3k+1<i<6k
36k+3i—2 if j=2i—1and 1<i<3k
24k +3i—1 if j=2iand 1<i<3k
45k +3i—1 if j=6k+6i—5and 1<i<k
33k+3i—2 if j=6k+6i—4and1<i<k
f(v;) =1 45k +3i -2 if j=6k+6i—3and1<i<k
33k + 3i if j=6k+6i—2and1<i<k
45k + 3i ifj=6k+6i—1land1<i<k-1
33k+3i—1 if j=6k+6iand1<i<k
48k —i+ 2 if j=12k+2i—3and1<i<2
25 24 39 21 28 18 42 15 31 12 45 9% 3 & 46 10 32 13 43 16 29 19 40 22 24
i} (55 us g  Us g Uy Ug U mo Ul uz us
38 23 27T 20 41 17 30 14 44 11 33 7 &£ 5 35 6 47 4 3T 1 50 2 3 O3 49
V1 V2 V3 V4 Vs Vs W Vg Va V1o Vil Vi2 V13
Fig. 11. (2P13)
Case IX: For n = 12k + 2 where k is a positive integer, let f:V(F) —{24k+3, 24k+4,........, 48k +6} be the vertex
labeling such that
(36k+3i—2 ifj=2i—1and 1<i<3k+1
| 42k — 3i + 10 ifj=2i—1and 3k+2<i<6k+1

24k +3i+1
42k —3i+ 6

Fly) = {I
|

230

ifj=2i—1land 1<i<3k
ifj=2i—1and 3k+1<i<6k
ifj=2iand1<i<3k
ifj=2iand3k+1<i<6k-—1
if j=2i—1and 1<i<3k
if j=2iand 1<i<3k-1
if j=6k
if j=6k+6i—5and1<i<k
if j=6k+6i—4and1<i<k
if j=6k+6i—3and1<i<k
if j=6k+6i—2and1<i<k
if j=6k+6i—1land1<i<k
if j=6k+6iand1<i<k-1
, 48k +2} be the vertex

if j=2iand1 <i <3k
ifj=2iand3k+1<i<6k+1
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36k + 3i +3 ifj=2i—1and 1<i<3k
24k +3i+2 ifj=2iand 1<i<3k+1
45k —i+8 ifj=6k+2i—1and 1<i<?2
33k +3i+1 ifj=6k+6i—2and1<i<k
45k +3i+6 ifj=6k+6i—1land1<i<k
F() =1 33k + 30 + 3 ifj=6k+6iand1<i<k-—1
45k +3i +5 ifj=6k+6i+1land1<i<k
33k +3i+5 ifj=6k+6i+2and1<i<k-1
45k +3i +7 ifj=6k+6i+3and1<i<k-1
36k—i+5 ifj=12k+2i—2and1<i<?2.

41 26 28 23 44 20 31 17 47 14 34 11 50 9 36 10
e * e & b * &

-

6 13 33 16 46 19 30 22 43 25 23
W Uz Uz Uy Us Ug Uy U

vd X .
U g Uil i Uiz g

4224 29 21 45 18 32 154812 35 8 32 3 3 6 51 T 37 4 M4 1 40 2 53 3 39
L4 & *» * e » L 4 » o et o o o ol
v1 va V3 V4 Vs Vg V7 Vg Ve Vig Vil Vi2 V13 V14

Fig. 12. (2P14)

Case X: For n = 12k + 3 where k is a positive integer, let f:V(F) —{24k+5, 24k+0,........ , 48k +10} be the vertex
labeling such that

36k +3i +5 ifj=2i—1land 1<i<3k+1
_)s4k—3i+15 ifj=2i—1land 3k +2<i<6k+2
FO) =9 24k + 30 + 3 ifj=2iand1<i<3k+1
48k — 3i + 10 ifj=2iand3k+2<i<6k+1
24k + 30 + 2 ifj=2i—1land 1<i<3k+2
36k +3i +7 if j=2iand 1<i<3k
45k — i + 12 if j=6k+2iand 1<i<2
43k +3i + 4 ifj=6k+6i—1landl<i<k
) 45k +3i + 10 ifj=6k+6iand1<i<k
F) =1 33k +3i+6 ifj=6k+6i+landl<i<k—1
45k +3i +9 ifj=6k+6i+2and1<i<k
33k + 30 + 8 ifj=6k+6i+3andl<i<k—1
45k + 30 + 11 if j=6k+6i+4andl<i<k—1
36k —i +8 ifj=12k+2i—land1<i<2.
44 7 30 25 47 | 33019 50 16 36 13 53 10 B O 4 11 I} 14 5 17 34 M 48 B I 26 45
Ly L Fx] 3 L4 s g 7 Ug Uy Uin Uy upz s U4 Uys
M 27 46 24 32 2 49 18 33 15 52 12 W 8 56 5 4 6 55 7 & 4 5% 1 4 2 5 3 4@
] ¥z 3 vy Vs s ¥7 Vg V5 Yio v vz V13 Via V13

Fig. 13. (2P15)

Case XI: For n = 12k + 9 where k is a positive integer, let f:V(F) ={24k+17, 24k+18,........, 48k +34}.
36k +3i+ 23 ifj=2i—1land 1<i<3k+3
_ )54k —3i+42 ifj=2i—1and 3k+4<i<6k+5
F(4) =924k + 30 + 15 ifj=2iand1<i<3k+2

42k —3i+ 31 ifj=2iand3k+2<i<6k+4
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24k + 3i + 14 ifj=2i—1and 1<i<3k+2
36k + 3i + 25 ifj=2iand 1<i<3k+3
33k —i+ 25 ifj=6k+2i+3and 1<i<?2
45k + 3i + 30 ifj=6k+6i+2and1<i<k+1
33k +3i+23 ifj=6k+6i+3and1<i<k
F() = a5k + 31 + 32 ifj=6k+6i+4and1<i<k
33k + 3i + 22 ifj=6k+6i+2and1<i<k
45k + 3i + 36 ifj=6k+6i+6and1<i<k
33k + 3i + 24 ifj=6k+6i+7and1<i<k-1
36k — i + 26 ifj=12k +2i+5and1<i<?2

62404237 65 344531 6828402571 2251 1975165413 771255 14 75175220 72 2349 26 69 29 46 32 66 35 43 38 63
8 — 5 5+ 9 % & 4 4+ 9 & % 4 &
up L2 Uz UuUg Us Us Uz Us Ug Up Uil Wtz Uz U Ws Us Uz Ws Ue Uxm U2l

41 3964 36 4 3367304729078 255021 B3 135315711 578 79 9 56 1078 7 5% 5 806 32 4 821 61 2 8 3 &0
r———————————————————————————— %
Viov2 V3 Vg4 V5 Vg V7 Vg Ve Vo Vi Viz Viz Via Vis Vie Viz Vig Vie Vo V2

Fig. 14. (2P21)
Therefore, by Lemma 1.1, f extends to a supermagic labeling of F with valence
7n — 1 when n = 4k and 7n otherwise.
Theorem2.5: The forest F = K, ,J2nP, where m and n are positive integers, is supermagic. Furthermore if m + 2n

and 2n + 3 are relatively prime then only the valence 2m + 9n + 4 and 3m + 9n + 1 are attained by the supermagic
labeling of F.

Proof: Let F = K, ,2nP, be a (p,q) forest such that
V(F) = {u} u{vi/l <i<m} U {w/l <i<4n}
and E(F) = {uv/1 <i<m} U {w; wa,; /1 <i<2n}
Thenf, g: V(F)>{m+2n+1,............ , 2m+ 6n + 1} be the vertex labelings of F with

W13 Wogll Wi 9 K] n

flx): |a 5 g(x): |4 5
Wae 6 Wie 7 3 Pev, Waie 8 Wik ¢
2P, Kis 2p; | S
m=3 n=1 ¢=23 m=2 n=1 c¢=21
Fig. 15.
2m+5n+1 ifx=u
[2Zm+4n—i+1 ifx=v;and 1<i<m
()_{2m+6n+2—i ifx=w;and1<i<n
fo) = 2m+6n—i +1 if x=w;andn+1<i<2n
m+5n—i +1 if x=w;and2n+1<i<3n
km+7n—i+1 if x=w;and3n+1<i<4n
m+3n+1 ifx=u
[2m+6n—i+2 ifx=v;and 1<i<m
()_{m+6n—2i+2 ifx=w;and1<i<n
I = \m+8n—2i +3 if x=w;andn+1<i<2n
m+n+i +1 if x=w;and2n+1<i<3n
km—n+i if x=w;and3n+1<i<4n

Thus, by Lemma 1.1, f and g extends to supermagic labelings of F with valences 4m+9n+2 and 3m+9n+3
respectively.
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We have made it clear that the above two valences are the only possible ones when m + 2n and 2n+1 are relatively
prime, let A be the valence of supermagic labeling & of F. Then

_(m=Dlg+h@]+ X7

A

@2n+1D[n+1-m-2n-—h{)]
m+2n

=3m+10n+ 3+ h(u) +

This gives that there exists an integer & such that

am + 2n) =1+ n-m - 2n - h(u). Now since 1 < h(w) < p it follows that « is -1 or -2 values that lead to the
valences 4m + 9n + 2 and 3m + 9n + 3 respectively.
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